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CALCULATIONS OF THE EFFECT OF VING TWIST ON THE
AIR FORCES ACTING ON A MONOPLANE WING*

By G. DAatwyler
SUMMARY

A method is presented for calculating the aerodynam-—
ic forces on a monoplane wing, taking into account the
elastlic twisting of the wing due to these forces. The
1lift distribution along the span is calculated by the for-—
malas of Amstutz as a function of the geometrical charac—
teristics of the wing and of the twist at stations 60 and
90 percent of the semispan. The twist for a glven 1ift
distribution is calculated by means of influence lines.,
As a numerlcal example, the forces on a Swiss military
D.27 airplane are calculated. Comparisons with the strip
method and with the ordinary stress—analysis method are
also given.

INTRODUCTION

Aerodynamic calculations on alrplane wings are usual-
ly made by assuming that the wings are rigid bodies. 1In
general, this method is allowable. In recently developed
high-speed airplanes, however, with their increased wing
loading, large deflccting forces act on the wing, espccial=-
ly in diving attitudes. The deformations, as a reosult of .
the alr forces, ianfluonce those forccs retroactively to
such a degree that they cannot be noglected. The serody-
namic bchavior of tho doformed wing may be gquitc difforent
from that of the original (rigid) one. Thoe final deforma-
tions also become differont from thosc recsulting from the
foreccs acting on the rigid wing.

It is of interost now to investigate these final def-
ormations,.

*See also the preliminary publication on the same subject
in the Schweilzer Aero~Revue, Zurich-Oerlikon, October 15,
1931, pe 264; and Zeltaschrift fur Flugtechnik und Mgtor-
luftschiffahrt January 28, 1832, p. 58,



2 T e '-N'-A-. C.-A_-. Tecl_lnical _N_ot_e _I_I:O:q_. 5:20.

I wish to thank Dr, J. Ackeret, Institute for Aerocdy-
namlcs at the Eidg. Technische Hochschule, Zurich, for his
interest in this research, shown at numerous tlimes by his
suggestions. 4s & private assistant of Professor L. Karner,
at the same Hochschule, I became familiar with statics as
applied to aircraft. Further, I wish to thank the Xrelgs-
technigche Abtellung at Bern, from whom I was able to ob~
tailn the elastic data of the wing framework of D.27.

DEVELOPMENT OF THE PROBLEM

The calculation of the finsal deformations.-consider~
ing the mutual relation between wing forces and deforma~
tions, involves two fundamental problems:

1, Caldulati&n of the 1ift distribution along the
span of the deformed wing;

2 Calculation of the wing deformatlons for given
lift forces. ’

There are different types of wing deformation, Among
them, the wing twisting is of predominating importance
since the air forces are especially sonsitive to changes
in angle of attack. The problem may therefore be restrict-
ed to the one of elastic wing twisting.

~ Fcr a given twist of the wing, the air forces are cal-
culated for a given angle of attack and a given dynamio
pressure, From them follow certain angles of wing twist.
The final tW1st depends upon the condltion that the ag-
sumed twist will lead to the sams resulting tw1st.

Aerodynamic Fundamentals

, The symbols used in the remaining sections of the pa~
per are ‘listed here for reference.

X, digstance of any point or sectlion along the wing
span from the center wing section (plane of sym-
metry) . R

b, wing span. -
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wing chord at the distance =x or §.

speed of flight.

vertical downwash velocity induced by the traile

ing vortices.
angle of attack.
éngle of twist.

8§ 'denslty of air.

V2, dynamlc pressurs.

o

wing areae.
1ift of the wing.

drag of the wing.

. prbfile drag of the wing}

induced drag of the WingZe

moment of the wing air forces with respect to the

profile leading edge.
L

Efgﬂ, absolute 1lift cosfficient.
Egg s absolute drag coefficient.
DP . -
E_E' .absolute profile~drag cosefficient.
D3 . ' i .
Eﬁgg absolute induced~drag coefficient,
a g o absolute pitching-moment coefficient.

circulation as defined by
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_"1if%t per meter length of span _ %L

r i

Vi -

My V... absolute dimenslonless coefficlents,

All values regarding the center ﬁihgﬁéécfibi (x = ¢
= 0) arc denoted by the subseript zero..

CRPTSRE ¥

In addition, there is the symbol .a., geometrical

angle of attack of the wing measured with resmpect to the

flight direction. The symbol .e--13 -useed bPecause the.wing

with infinite span has no induced downwash velocities.

Then the geometrical and the effective angles of attack are

the same. Thus Cy is thé*1lift coefficlent correspond-
o _

ing to the geometrical angle of attack «,. The connec~
tion between o, s&nd ch is given by the polar of the

wing section (wing profile) for infinite wing span.,

¥ow, as to the first fundamental prodblem, i.e., the
calculation of the air forces (1lift distridbution along tho
wing soan), the formulas developéd by E. Amstutz (rcference
1) are uscd. They start from Prandtl's formula for the
11ft distridution T S R

Horodby additional 1ift. distributions-aroe suporimposod upon
tho orlginal c¢lliptic distribution., The coefficionts W,
Vees: give tho magnltude of their ratio.
Following Amgtutz! formulas, which consider only the
first two coefficients | and VvV, +the approximate 1lift
distribution of a given wing may be calculated, at a glven
angle of attack and a given dynamic pressure, as a func-
tion of the geomsetrical data and the anzgles of twist of
two sectlons along the wing span, Taey advantageously are
asagumed at about 60 percent and 90 percent of the wing
semispdn. As shown by J. Hueber of Gottingen (refercnce
2), tho mothod of Amstutz (reference 1) gives very good
results in éomparison with the more accurato method devel-
oped by I. Lotz (reference 3)., (If the method of Lotz
were used, the curve showing the wing twist along the wing
span wculd have to bo assumed a priori. The method of Am-
stutz, howover, is more gorcral in this respect. By ncans
of it Doth the curve of the wing twist along the wing span
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and the wvalues of the angles of twilist may be caleulated
without the foregoing assumption.)

Static Funddmentals’

the wing twist for-a givén .lift digtributlon, s treated -

by means of lines of influence’ “For the wing twist. They
are the results of an extended researdh(lnteraction between
the !spars due to, tHe ribs) on ﬁhe wing framework of the ..
Swiss military fighter D27, éhown in figure 1, and fully
described in reference 4. This fighter has an all-metal
aluminum framework wing with two parallel and identical
gpars. - - :

.. .-z
PN A JFooe v

The second fundamental problﬁm, the-.caleulation of

The ordinates of the limes.of influence give the an«~
gles of twist along the wing 8pah for any given single
vertical load of 100 kilograms acting.at two points of- one.
of the spars, these two poihts being symmetrically placed
with regard to the center wing. section. For given distribdb-
uted loads acting on both spars’at the same time, the or~
dinates of the curve showing the difference between the - .
load on ‘thé front spar and that bon ‘thé rear must be. multim; -
plied by the ordinates of: thse Ilnes “of 1nfluence.; Then o
the angles of .wing" twisb are given ad .the - integrals -of the -
curves obtained by thé above multipllcation. TFor equal .
loads on both spars acting -in- the' sane ‘diréction pure wing
bending w1thout any tw1sting is obtained.-,_:_ﬂ.

- e -
r— ¥ A

[

The lines of 1nf1uence aTé ghown in flgure 2. Lélﬁﬁg-ﬂ

wing. is of .the sehicantilever type (a so-called "parasol!
wing) the lines- of! influence were formerly referred to -

the .points where the struts are attached. Iz this caleulas T~

tion, however, these: 'influence 1lines migt be referred to the
center wing section because of the reguiremsents of the mero-
dynanmio, calouiationgi ‘That change iﬁ'féference was accom-
plished by sidtradting the’ ordinates 0f the influence 1ine
belonging to the ‘ééfter wing ssction’ from "the correspond—
ing ordinates of the influence lines. belonging ‘50 the othe
er sections. In that way 'the anglé of twist at the center
wing section always becomes equal to zero and the wing

seems to be a real cantilever one. The line of influence

of the section where the struts are attached now is the

same as the earlier line of influence of the center wing
section, except that the sign is changed. .
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THE CALCULATIONS

The general ideas hdving now been given, the calcula-—
tions using the D.27 as an example, follow._

The wzng plan form is changed glightly into an ellip~
tical one W1th nearly the same ares (fig. 3)

s = 17.8 m® L -

and exactly the samq-épag".h_- .
P = 10.3m

ag that of the D.27, thg-mgan ch§r§ being
ﬁb'#' 2.20 m

Further, a plane wing "is assumed without any original
twist, having the same profile along the entire span, pre-
serving thls profile for any wing deformations. Thus a
pure elliptical 1lift distribution is obtained om the plane
wing. The wing plan form is placed in such a way that the
distance 8 of the ceﬂter line between the two gpars from
the leading ocdge of the wing has the constant valus of
37,15 percent of the .wing chord. Thisg is done in qrder to
51mp1ify the calculations. As tho static wing-cell strue~
ture is symmetrical, _the conter line is the so~called
"olastlc wing axis." Aany load acting along that axis pro- .
duces pure w1ng bonding as both the spars bend identically.

The profile Gottingen 398 (sce reference 8) is as-
sumed, Figure 4 'shows this profile togethor with its po~

1ar for infinite span. We obtain the equation
C;, = 5.2042 (ag + 0.1149)

where “ap is the angle of attack with respect to the
profile chord, measured in radians.

dcCy,

The slggé iz = 5.2042 = k.
Furthen .Cm = 1.2615 (ag + 0.18569)
Cp = 0.242401 + 0.08982

Zoie

|i|£ill

||;i
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Values of CDP = f(GL&) for large angles of. attack may

be found in reference B.
The Calculation of the Angles of Twist
8a and 8g

By means of the lines of influence, their ordinates

being T, the general expression for the angles of wing
twist
b/2 - :
8§ = [ T Ap dx

(o}

is obtained, Ap ©being the difference between the load
per unit length of the front spar p¥ and the load for
unit length of the rear spar pg, 1.8., Ap = Py = Py

The vertical wing load is approximately equal to the wing
1ift per unit length of span (assuming the cosine of the .
angle of attack equal %to unity)., N

4L
P~ax T PY
the resultant of p having its point of application at an
approximate distance . -

from the leading edge of the wing.

The wing 1ift is now distributed between both the
spars. Therefore (see fig. B)

- &L _
Py + Pr = gz = I'pvV.

Each element of the wing contributes to the moment
M with

dM'= py dx v 4+ pg dx h
or ‘

aM
ax Py V + Py h.

1l

On the other side
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Hence

Putting

results in

Wita
Now .
hence

Ag developed

and

W E.G.E. Technical Hote Xo. 520 T
} . - R
d¥ = Cp g t S = Oy g t° ax R
au 2 T -
Cyqa t® =py v+opgh - I
v = h-‘ d- L R . ’
Py + Dy = T'p¥ -
_ DoV - Oy a b7 S e
Py 3
- m g t? - vI'pV _ ;;
Py F)
2 \,. L
g = -2—' v & ‘_
v+ h = ZS-J ) -
. | _ - =
Py = Pg = Ap= %— {I‘zs -0y ¥V ta}
- C _ N T
= L
=3 7% o
Cp = 0.2424 Cp + 0.08922
. o .J — - = =4E
28 = 0,743 ¢ ' o
Ap = f—{o 2582 € —01796}.
P q 4. e T .
by Amstutz, S
20 . = . s Ty T —
0L=§-%J\-/1”53i1+“5_+"54} | o
. _” CLmo V tg °
° - ] k to kv
2{1+ Sz -5 51} L
= Bl
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By putting. . .t2-=-tozu{1.- gg} P

(T.+p £5 + v £*) .
- [i e n-5- 9]

012 o

henece to2 - 0.2582.- CL (1 + b g 4+ v g‘q’)_
Ap = q —4~ <1-z>4 k -
- 0. 1795} et

From thls is obtalned the even power series
Ap = o+ 1* £° o+ o - 1;‘.-._&5
the coefficients X*, IL* ....... containing all the terms
independent of §¢. ©Hence,
b/,?' . 2 & : LE° -
8§ = f T-{K* 4 I* F o+ M* E o= Nx § } ix
o o e .. R -
Replacing dx by % af and coﬁsidering that the ordinates
T are based on 100 kg as a uniﬁ; and with

K _b =X L* b ‘L

200 200
b - b
e -2 3 Nk = -
¥¥ 500 = B ¥ 350 =¥
there is obtained
, 1 R § . . . i - -
5, =%/ Ty AL+ L /1, £ Qi+ u/ ST, f ab-x /STy & oab
o : o] [a] .0
1 1 2 L 4 1. .
& =K ) T dE + L [ 15 £ dat + u [ Ts & it - x/ s b ak
o o] (o] [o]

2 . .
The curves [T £ ] are shown in figure 2. By graphical
integration
53 = 0,12447 K + 0.,06447 L + 0.03903 ¥ -~ 0,03655 X
8g 0.28850 L + 0,16620 L + 0,10370 ¥ - 0,07184 ¥

1
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Replacing X, L, M, and ¥ by their expressions

Or. [0.5149 + 0.2183 p + 0.11LB57v]
g X0
5. = { - 0.5582}
° 7 00 Efo T, ok 7]
S l+ 3o |1-5 - 3
¢  C1, [1.0495 + 0.5363 p + 0.2734 v] ' ~
8 =: >0 - 0.7302}
= 100 I 'bo - u UJ
1+ 1% _L T2 8

The coefflicionts | and VvV for generally given val-
unes &g and §g must be calculated. Amstutz dovoloped

the linoar oquations

A:L"‘LL:B:."UC-:L;O

i
(@)

Aa—LLBz*UCE

whers

L - CLoal t, . kt, CLool 1\ : Py '_
Y0 %, T 46 \G Tt :
hags] o -

B = [k 2
kt, CLm b,
IR e — ——— 2 2 - 2
Br = 5% (CLm L+ g5~ 8 €, + &) J 1= &
o
It Kt =
¢ - _.._.J;. EE]- 1>+ : (5 g‘“’ 3 Ez )+ & Ez
1 7 75 1L, - 4D 1 Y345 ®1 1= 5
“o
42, By, and O, are deduced by replacing Cy ., %,, and
@
by C L a .
51 _ LQ”z’ 2 an Eg -
Since £, — £ b — E5
the sjquations become
Az = B By =-v C; =0
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The values Op . and . Cq .contained in the terms 4, 3B,
®3 ®g
and C are given by the values Cy of the center wing
- mo
section and the angles of twist §; and &z, i.e.
0 =0 kG
g ®q. S
O, =0 + k&
_L°°5 T Doy 200 78

0.

The expressions A, B, and O are calculated first,
then the coefficients W and V as functions of §; and

§g, and. of CL + Then inserting the values for | and

o
o]
vV 1nto the equations for §; and §g, there is obtained,
after extended transformgtions

q
83 =:

155 {0.0229 83 + 0,0083 85 + 0.4029 Oy =~ 0.3582}

° .
_ 4 Co . 5 0. e '
86 = 755 {0.0557 8s + 0.0190 85 + 0.8218 Op 0.7302}

The solutions are

N
r, {4871.621 - 0.1067} - 25312287 4 05,0949
by = ——2 . -
s =
20904 .
1 092 3 _ 507.1869 _  om002
q q
» (1473.349 0.0655} - 1309.924 _ 4 o583
5 - Teo 1 q a :
5 - 179401.1 75,255 ' i
- - 0.000445

q® q

¥eglecting the small values in numerator and denomina-
tor, the simple formulas arc derived

9.2389 ¢ - 8.2134
Lo

8a = 2351,09 _ o T
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19.9663 Cp = 17.750

% = T FEEi.on .,

These angles are given in degrecs,'and“sinceuit'ié'
assumed that Ap > 0 when Py * Py they havo the samo

sign as that of the anglo of attacl:,
Both the angles depend linearly on' Cp , i.e., on
o

the goomotrical angle of attack q» at the center wing

soctlnn. (Sec flgs. 6 and 7. Yy Furihermore, at any dynan
ic pressure q, they become equal to _gero when Cﬁn

O 889m "l 84, qr "Be 22 At this angle of attadk the
o}

wing preserves its original untwisted shape. At q =
2851.09 kg/m®, i.e., at a speed of about 700 km/h at
sea level, the angles of wing twist evidently become in-
finite for all angles of attack of the center Wwing sec-

tion. This value of dynamiec pressure represents the lim~

it of. the statigitorsional stabillty of the wingjr__(See
also meforences 7 ahd B,)

fhe ratio of magnitudo between §; and 8§ 1is con-
stant and has the wvalue

= = 2,161

Hence it is dedunced that the curve showing tho dlstribution
of tho angles of wing tw1st along the wing span will alwaye
be the same. -~ . T

As an example

for 3y = 0.2; g = 625 kg/m?, i1.c., V = 360 km/h at
(o} :

1

Thoe author wishes to acknowledge theoe kindness of Dr. C.
Minelli for the interest.he showed in the research by fur-
nishing several ltalian papers.
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sea level. As will be noted (fig. 8), ‘the augle of twist
at the wing tips becomes 20 percent larger than 8g.-
Therefore,  the ‘wing tips nay easily fall into negative
stalled flight. Since the flow detaches itself from the
lowver side of the wing tips at this noment, there will beo
‘4 considerable change in air forcdes, which may give an
impulse to wing osclliations. This . .explangtion is sug-
Zcsted by some researches recently made by J. Ackeret and
. L. Studer (reference B) Coe L . .

Lhe Polar of the Elastlc Wing

The knowledge of the values ' 83 and 85 emables
the calculatzon of the values y ‘and V. The 1ift dis- ~
trivutions may therefore be calculatod along ‘the wing
sPan es a function of ch . i.e., of No A - and of tho .

dynamlc pressuro qs - The angles of wing twist along the
wing span ‘is also obbtained as was prev1ously shown, by
the 1ntogral B T T Lo e

1ntroducing now.tae ¢1fferent 11nes of 1nfluence with their
ordinates Tye These integrals are evaluated to f£ind the
valuecs (see fig, 8) . : o

8 v . -” . . 6 ) L )
A _ 0.,0586 -2 = 0.2028

55 85

8 L . bS] o

2 - '0,4628 2 = 0.7390

Sg 8g .

The 1ift distribution along the wing span being known
for any condition of flight, all the local aerodynamic
values (CL, Cp» Cm) elong the wing span may be calculat-

ed. Hence the 1ift of the entire wing with its absolute _
coefficient 5;, and the profile drag represented by the
coefficient 55;-'13 obtained, ©Dboth as average valueg of

all the loecal values_ GL and CDP. Pinally the induced
drag of tho wing is roprosonted by the cooefficient cDi'

(See formulas doveloped by Amstutz.) All theso valucs on-
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able the plotting.of the polars. of the elastic wing. . (See
fige. 9, and 10.). The induced polars_in figure 10 are

shown -by dashes. - The pelars that include the profile drag
are .solide - - oL - - : T :

flil,the.poiarsfgo,threugh_ﬁhe péinﬁ fE; =-O.696,_'éor~

responding to the value ' €y = 0J889, ' ‘where the wing
. Soetn o rr LY - - o ._p:.@o., . L) . R . -

preserves its original untwisted shape. (See referonco 10.:)
Evidertly the wing twigt is appreciable only at small an—
gles of attack, ie.s., at 'small valunes of Ty, correspond-

ing either to level flight with full speed or especially
to dlvinge It may also. be mentioned that for the slastic .
wing, the value .0y = 0. -does not correspond to the con-

dition "in which the local 'values of the 1ift coeffiolent
are equal to zZero, as was the case with the original (rig—
1d) winge. But now the center wing portion produces a pos~
itive 1lift that ig compensated for by nogative 1ift at the
wing %tips. Therefore, the semicantilovor wiug may de
stressed by additional bonding to such & degreec that 1%
may evon become dangorous. On the other hand, the bond-
ing stross may bocome swmaller in the casc for which all
local wvaluos of C;, arc oithor positivo or nogativo.

This 1s especially truc for the full cantilover wirg, as
the wing load is cqncehtrated,gt @@q‘cggter wing section,

The polars also include the E; curves of tho clas~

tic wing. These coefficients of pitching momont rosult
from the integral :

M 1 v/2.
Cp = —— = [ Cp q t as

18 t, 95ty y/p.

from which ] .
. —-—___ '4-1 ) . 2 :
Cr —,;6f.cm (1 -~ £7) at

by & co¥gidération of

s=0b6, as=1tax 't=t5/1 -t
' b ‘ 1

foh
N
1
LT
¥
-,
il
0
~

1

'Il
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The numerical calculations show that for:- EE = consbtant,
there is almost no change in Cp for different values of

the dypamie pressure g, which indicates that the wing
moment M for CL = constant is very slightly influenced

by the wing twist. (Sec also rcforencos 13 and 12 and
bibliography of reference 1ll.) The relation

Cy = 0.2058 Op + 0.0762
which was usod at first only for fhe rigld wing may also
bo used for the elastlc winge.

The Anglos of Wing Twist When No Changes

in Downwash Velocities are Considored (Strip Method)

It may be interesting %o give the results of the ap-
proximate calculation of wing twist by the strip method.

In this case tho 1ift distribution is givon by the
geometrical angles of attack as shown in the polar of the
rigid wing with the given aspoct ratio

41R, = 5.96

These angles of wing twist differ from the former ac—
curate values by about ~5 percent to 15 percent. The out-
line of their curve along the wing span is given in the
following:

SA 82 —
5—5— = 0.0721 5—;' = 0,199

63 64

— = 0, — = Q0,7

85 0+ 449 5. 0,703

The critical dynamic pressure becomes 2,025.70 kg/m2,
which occurs at about 650 xm/h at sea level.
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| COMPARISON WITH THE USUAL STRESS CALCULATION

In the usnal’ stress calculatlon the anglos of ving"

twist are also givon by the intogral . E
b/2
. Am#¥ T
8, 6f -Ap* T, dx.

But . Ap*  now has to bo calculatod dy-introducing tho
forcops acting on the rigid wing,; as no influonce of the
wing twist upor the air forces is consgidorod,

The results ars

BA* o 8o '
8™ Sl 8% -
8% 8,*
2_=0.,490 . - %= 0.784
. 5g* Lo 55*

The ouatline of this curve 1is practically the same as the
one which was obtained by the accurate method. Eence

the owtline of the curve showing the wing twist along the
span in the example "is: the same, whether or not the in-
teraction between wing twist and air forces is considered.

rhe relation between these values and the accurate
ones is glven by the fact that thess approximate wvalues
represent the tangonts on the curves of the accurate val-
nes at g = 0. If g Dbe the critical value of the dy~
namic pressure of the static ftorsional stabillity, there
is obtaincd the relation

5 = g 1
1« 2
o Y

Lo

The value in the parenthesis gi%es ﬁﬁewiﬁbreésemafythémén—J

cles of wing twist due to the mutual interference bhetween
deformations and ailr forces.

The results presented are those of the present re-
search. They reguire further checking to show how valid
they may be for cases more gemeral than that of the exam-~
Plen
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